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ON SOME CONGRUENCES USING MULTIPLE HARMONIC SUMS OF
LENGTH THREE AND FOUR
WALID KEHILA
Abstract. In the present paper, we determine the sums
∑p−1
j=1
H
(s1)
j
H
(s3)
j
js2
and
∑p−1
j=1
H
(s1)
j
H
(s3)
j
H
(s4)
j
js2
modulo p and modulo p2 in certain cases. This is done by using multiple harmonic sums of length
three and four, as well as, many other results. In addition, We recover three congruences con-
jectured by Z.-W Sun and solved later by the author himself and R. Mesˇtrovic´.
1. Introduction
Multiple Harmonic Sums (MHS) are defined by
H(s1, . . . , sk;n) :=
∑
1≤j1<j2<···<jk≤n
1
js11 . . . j
sk
k
,
with the conventions H(s1, . . . , sk; r) = 0 for r = 0, . . . , k − 1, and, H(∅; 0) = 1. They satisfy the
following recurrence relation [7]
H(s1, . . . , sk;n) =
n∑
k=1
1
ksk
H(s1, . . . , sk−1; k − 1).
In the case when s1 = · · · = sk = s, these sums are called the homogeneous multiple harmonic
sums, and denoted
H({s}k;n) := H(s, . . . , s︸ ︷︷ ︸
k times
;n) =
∑
1≤j1<j2<···<jk≤n
1
(j1 . . . jk)s
.
When k = 1, we find the sequence of generalized harmonic numbers, we may denote it
H(s)n =
n∑
k=1
1
ks
,
note that the superscript is omitted in the case s = 1.
When n = p− 1 we may simplify notations as follows
H(s1, . . . , sk) :=
∑
1≤j1<j2<···<jk≤p−1
1
js11 . . . j
sk
k
and H(s) := H
(s)
p−1 =
p−1∑
k=1
1
ks
.
In [5] Sun has proposed some conjectures namely (Conjecture 1.1 and Conjecture 1.2); later, in
[6] he proved (Conjecture 1.2). Mesˇtrovic´ [4], on the other hand, established the second part of
Conjecture 1.1 using congruences of (MHS) of length three that can be found in [8].
In the present paper, we may unify the proof of these conjectures, as well as, proving many
other congruences.
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Now, we give some results which will be using in the present paper.
Theorem 1.1. [8] Let s and l be two positive integers. Let p be an odd prime such that p ≥ l+ 2
and p− 1 divides non of ls and ks+ 1 for k = 1, . . . , l. Then
H({s}l) ≡
{
0 (mod p2) for ls− 1 even
0 (mod p) for ls− 1 odd.
In particular, when p ≥ ls+ 3, the above is always true.
Theorem 1.2. [8] Let s and k be two non-negative integers. Suppose also that p ≥ sk + 3, then
H({s}k) ≡
{
(−1)k s(sk+1)p
2
2(sk+2) Bp−sk−2 (mod p
3) for ks odd
(−1)k−1 sp
sk+1Bp−sk−1 (mod p
2) for ks even,
where (Bn)n∈N is the sequence of Bernoulli numbers.
Theorem 1.3. [8] Let s1,s2 be two positive integers and p ≥ 3. Let s1 ≡ m, s2 ≡ n (mod p− 1)
where 0 ≤ m,n ≤ p− 2. If m,n≥ 1 then
H(s1, s2) ≡
{
(−1)n
m+n
(
m+n
m
)
Bp−m−n (mod p) for p ≥ m+ n
0 (mod p) for p < m+ n.
Furthermore, when s1 + s2 is even and p > s1 + s2 + 1
H(s1, s2) ≡ p
(
(−1)s1s2
(
s1 + s2 + 1
s1
)
− (−1)s1s1
(
s1 + s2 + 1
s2
)
− s1 − s2
)
×
Bp−s1−s2−1
2(s1 + s2 + 1)
(mod p2).
Theorem 1.4. [8][1] Suppose that w := s1 + s2 + s3 is odd, then for primes p > w we have
H(s1, s2, s3) ≡
(
(−1)s1
(
w
s1
)
− (−1)s3
(
w
s3
))
Bp−w
2w
(mod p).
In particular, when s1 = s3, and s2 is odd, we have
H(s1, s2, s1) ≡ 0 (mod p).
2. Congruences using MHS of length three and two
We start by establishing the following theorem which is motivated by a paper of Mesˇtrovic´ [4].
Theorem 2.1. For all positive integers s1, s2, s3, we have the following
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
= −H(s1, s2, s3) +H(s3, s1 + s2) +H(s1 + s2 + s3) +H(s3)H(s1, s2). (2.1)
Equivalently, we have
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
= H(s1, s3, s2)+H(s3, s1, s2)+H(s3, s1+s2)+H(s1+s3, s2)+H(s1, s2+s3)+H(s1+s2+s3).
(2.2)
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Proof. For j = 1, . . . , p− 1, we have
1
(j + 1)s3
+ · · ·+
1
(p− 1)s3
= −H
(s3)
j +H(s3).
We obtain the following
H(s1, s2, s3) =
∑
1≤i<j<k≤p−1
1
is1js2ks3
=
p−1∑
j=2
1
js2
j−1∑
i=1
1
is1
p−1∑
k=j+1
1
ks3
=
p−1∑
j=2
1
js2
(1 +
1
2s1
+ · · ·+
1
(j − 1)s1
)(
1
(j + 1)s3
+ · · ·+
1
(p− 1)s3
)
=
p−1∑
j=2
1
js2
(1 +
1
2s1
+ · · ·+
1
(j − 1)s1
)(−H
(s3)
j +H(s3))
=−
p−1∑
j=1
1
js2
(H
(s1)
j −
1
js1
)H
(s3)
j +H(s3)
p−1∑
j=1
1
js2
H
(s1)
j−1
=−
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
+
p−1∑
j=1
1
js1+s2
(H
(s3)
j−1 +
1
js3
) +H(s3)
p−1∑
j=1
1
js2
H
(s1)
j−1
=−
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
+H(s3, s1 + s2) +H(s1 + s2 + s3) +H(s3)H(s1, s2).
Therefore
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
= −H(s1, s2, s3) +H(s3, s1 + s2) +H(s1 + s2 + s3) +H(s3)H(s1, s2).
Equation (2.2) follows immediately by the shuffle product relation
H(s3)H(s1, s2) = H(s3, s1, s2) +H(s1, s3, s2) +H(s1, s2, s3) +H(s3 + s1, s2) +H(s1, s3 + s2).

Remark 1. One can easily observe that the previous proof does not depend on p − 1, so for all
positive integers n, we have
n∑
j=1
H
(s1)
j H
(s3)
j
js2
= −H(s1, s2, s3;n) +H(s3, s1 + s2;n) +H(s1 + s2 + s3;n) +H(s3;n)H(s1, s2;n).
and
n∑
j=1
H
(s1)
j H
(s3)
j
js2
=H(s1, s3, s2;n) +H(s3, s1, s2;n) +H(s3, s1 + s2;n)
+H(s1 + s3, s2;n) +H(s1, s2 + s3;n) +H
(s1+s2+s3)
n .
2.1. Congruences mod p. From Theorem 2.1 one can see that determining
∑p−1
j=1
H
(s1)
j
H
(s3)
j
js2
depends on determining MHS of length three and two, Using Theorems 1.4 and 1.3 we obtain the
following result.
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Theorem 2.2. Suppose that w is odd then
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
≡
[
(−1)s1+1
2w
(
w
s1
)
+
(−1)s3 + 2(−1)s1+s2
2w
(
w
s3
)]
Bp−w (mod p). (2.3)
Proof. From the first part of Theorem 2.1, and in light of Theorems 1.4 and 1.3, we have modulo
p
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
≡ −
(
(−1)s1
(
w
s1
)
− (−1)s3
(
w
s3
)
Bp−w
2w
)
+
(−1)s1+s2
w
(
w
s3
)
Bp−w
≡
[
(−1)s1+1
2w
(
w
s1
)
+
(−1)s3 + 2(−1)s1+s2
2w
(
w
s3
)]
Bp−w.

Corollary 2.2.1. Let s ≥ 1 and r is odd, then for p > 2s+ r, we have
p−1∑
j=1
(H
(s)
j )
2
jr
≡ (−1)s+r
(
2s+ r
s
)
Bp−2s−r
2s+ r
(mod p). (2.4)
For all s ≥ 1 and any prime p ≥ 3 such that p−1 does not divide 3s, in particular when p ≥ 3s+3,
we have
p−1∑
j=1
(H
(s)
j )
2
js
≡
(
3s
s
)
Bp−3s
3s
(mod p). (2.5)
Moreover, when s is even, then
p−1∑
j=1
(H
(s)
j )
2
js
≡ 0 (mod p). (2.6)
Proof. For the first part, we apply Theorems 1.1 and 1.4.
For the second part, we apply Theorems 1.1 and 1.3; hence the last part yields immediately
since Bernoulli numbers vanishes for odd values. This would solve the first part of Sun Conjecture
see ([5] Conjecture 1.2) and ([6] Theorem 1.2). 
2.2. Some special cases. In this section, we shall prove some congruences modulo p that are not
covered by Theorem 2.2.
Lemma 2.1. [2] Theorem 7.2, [8] page 94 and Proposition 3.8
For p ≥ 11 we have
1
3
H(2, 3, 1) ≡ −
1
2
H(3, 2, 1) ≡ −H(3, 1, 2) ≡ −
1
2
H(1, 4, 1) ≡ H(4, 1, 1) ≡ −
1
6
B2p−3 (mod p).
(2.7)
For p ≥ 7 we have
H(1, 2, 2) ≡ −
3
2
Bp−5 (mod p). (2.8)
For p ≥ 17 we have
H(5, 3, 4) ≡ H(4, 3, 5) ≡ 0 (mod p). (2.9)
Theorem 2.3. For p ≥ 11 we have
2
p−1∑
j=1
H
(2)
j Hj
j3
≡ −3
p−1∑
j=1
H
(3)
j Hj
j2
≡ −6
p−1∑
j=1
H
(3)
j H
(2)
j
j
≡ −3
p−1∑
j=1
(Hj)
2
j4
≡ 6
p−1∑
j=1
H
(4)
j Hj
j
≡ B2p−3 (mod p),
(2.10)
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p−1∑
j=1
HjH
(2)
j
j2
≡ −
1
2
Bp−5 (mod p). (2.11)
For p ≥ 17 we have
p−1∑
j=1
H
(5)
j H
(4)
j
j3
≡ 0 (mod p). (2.12)
Proof. We shall prove only the last one, since the others are proved in a similar manner.
From Theorems 2.1, 1.3 and the previous Lemma we find
p−1∑
j=1
H
(5)
j H
(4)
j
j3
≡ −H(5, 3, 4) +H(4, 8) ≡ 0 +
165
4
Bp−12 = 0 (mod p).

2.3. Congruences mod p2. In this section, we prove some congruences modulo p2 in certain
cases only, since determining (MHS) of length three seems to be a much more involved problem.
Lemma 2.2. [8] Proposition 3.7
For p ≥ 7 we have
10
9
H(1, 2, 1) ≡
5
3
H(2, 1, 1) ≡
10
11
H(1, 1, 2) ≡ pBp−5 (mod p
2), (2.13)
H(1, 3, 1) ≡ 0 (mod p2), (2.14)
H(4, 1) ≡ −Bp−5 (mod p
2). (2.15)
Corollary 2.3.1. For p ≥ 7 we have
p−1∑
j=1
H2j
j2
≡ H(4) ≡
4
5
pBp−5 (mod p
2), (2.16)
p−1∑
j=1
H
(2)
j Hj
j
≡ −
7
10
pBp−5 (mod p
2), (2.17)
p−1∑
j=1
H2j
j3
≡ Bp−5 (mod p
2). (2.18)
Proof. From Theorem 1.3 and the previous Lemma we obtain
H(1, 2, 1) ≡
9
10
pBp−5 ≡ H(1, 3) (mod p
2).
Substituting in (2.1) and using Theorem 1.2 we find
p−1∑
j=1
H2j
j2
≡ H(4) ≡
4
5
pBp−5 (mod p
2).
This establishes the second part of Sun Conjecture see ([5] conjecture 1.1) proved by Mesˇtrovic´ see
[4].
From Theorems 1.3, 1.2, and the previous Lemma we get
p−1∑
j=1
H
(2)
j Hj
j
≡ −
3
5
pBp−5 −
9
10
pBp−5 +
4
5
pBp−5 ≡ −
7
10
pBp−5 (mod p
2).
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From Equation (2.1) and the previous Lemma we obtain
p−1∑
j=1
H2j
j3
≡ H(1, 4) (mod p2).
Since
H(4, 1) ≡ −Bp−5 (mod p
2),
we have from Theorem 3.2 in [8]
H(4, 1) +H(1, 4) ≡ −Bp−5 +H(1, 4) ≡ −
5
6
pBp−6 = 0 (mod p
2).

Corollary 2.3.2. Suppose s is even, then for p > 3s+ 1 we have
p−1∑
j=1
(H
(s)
j )
2
js
≡
[(
3s+ 1
s− 1
)
+
s
2
]
p
Bp−3s−1
3s+ 1
(mod p2). (2.19)
Proof. Using the identity (
n
k + 1
)
=
n− k
k + 1
(
n
k
)
,
and from the first part of Theorem 2.1, we find modulo p2
p−1∑
j=1
(H
(s)
j )
2
js
≡ −H(s, s, s) +H(s, 2s) +H(3s)
≡
[
−s+
2s
(
3s+1
s
)
− s
(
3s+1
2s
)
− 3s
2
+ 3s
]
p
Bp−3s−1
3s+ 1
=
[
2 +
(
3s+1
s
)
− s
s+1
(
3s+1
s
)
− 3
2
]
sp
Bp−3s−1
3s+ 1
=
[
1 +
(
3s+1
s
)
s+ 1
]
sp
2
Bp−3s−1
3s+ 1
=
[(
3s+ 1
s− 1
)
+
s
2
]
p
Bp−3s−1
3s+ 1
.
Congruences (2.5) and (2.19) establishes Conjecture 1.2 (see [5] and [6] Theorem 1.2) with a slightly
different approach. 
3. Some special congruences using MHS of length four
In this section, we prove some congruences using some results on (MHS) of length four.
Theorem 3.1. The following equality holds true
−
p−1∑
j=1
H
(s1)
j H
(s3)
j H
(s4)
j
js2
= H(s4)
p−1∑
j=1
H
(s1)
j H
(s3)
j
js2
+H(s1, s3, s2, s4) +H(s3, s1, s2, s4)
+H(s3, s1 + s2, s4) +H(s1 + s3, s2, s4) +H(s1, s2 + s3, s4) +H(s1 + s2 + s3, s4). (3.1)
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Proof. From Remark 1 and Equation (2.2) we find
p−1∑
l=1
1
ls4
l−1∑
j=1
H
(s1)
j H
(s3)
j
js2
=
p−1∑
l=1
1
ls4
[
H(s1, s3, s2; l − 1) +H(s3, s1, s2; l − 1) +H(s3, s1 + s2; l − 1)
+H(s1 + s3, s2; l − 1) +H(s1, s2 + s3; l − 1) +H(s1 + s2 + s3; l − 1)
]
p−1∑
j=1
( p−1∑
l=j+1
1
ls4
)
H
(s1)
j H
(s3)
j
js2
=H(s1, s3, s2, s4) +H(s3, s1, s2, s4) +H(s3, s1 + s2, s4) +H(s1 + s3, s2, s4)
+H(s1, s2 + s3, s4) +H(s1 + s2 + s3, s4)
p−1∑
j=1
(
H(s4)−H
(s4)
j
)H(s1)j H(s3)j
js2
=H(s1, s3, s2, s4) +H(s3, s1, s2, s4) +H(s3, s1 + s2, s4) +H(s1 + s3, s2, s4)
+H(s1, s2 + s3, s4) +H(s1 + s2 + s3, s4).
Hence, 3.1 yields immediately. 
Corollary 3.1.1. For p ≥ 7 we have
p−1∑
j=1
H3j
j
≡
3
2
pBp−5 (mod p
2). (3.2)
Proof. From the previous Theorem, we have modulo p2
−
p−1∑
j=1
H3j
j
≡2H({1}4) + 2H(1, 2, 1) +H(2, 1, 1) +H(3, 1)
−
p−1∑
j=1
H3j
j
≡−
2
5
pBp−5 −
9
5
pBp−5 +
3
5
pBp−5 +
1
10
pBp−5 = −
3
2
pBp−5.
Note that another proof can be found in [4]. 
Lemma 3.1. [1] Let a, b be non-negative integers and a prime p > 2a+ 2b+ 3. Then
H({2}a , 3, {2}b) ≡
(−1)a+b(a− b)
(a+ 1)(b + 1)
(
2a+ 2b+ 2
2a+ 1
)
Bp−2a−2b−3 (mod p), (3.3)
And for primes such that p > 2a+ 2b+ 1, we have
H({2}a , 1, {2}b) ≡
4(−1)a+b(a− b)(1− 4−a−b)
(2a+ 1)(2b+ 1)
(
2a+ 2b
2a
)
Bp−2a−2b−1 (mod p). (3.4)
Corollary 3.1.2. For p ≥ 11 we have
−
1
13
p−1∑
j=1
(H
(2)
j )
2H
(3)
j
j2
≡
3
83
p−1∑
j=1
(H
(2)
j )
3
j3
≡ Bp−9 (mod p), (3.5)
−
8
21
p−1∑
j=1
(H
(2)
j )
2Hj
j2
≡
1
3
p−1∑
j=1
(H
(2)
j )
3
j
≡ Bp−7 (mod p). (3.6)
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Proof. For the first congruence, we apply the previous Lemma, Theorems 3.1, 1.3 and 1.4 and
obtain
p−1∑
j=1
(H
(2)
j )
2H
(3)
j
j2
= −2H({2}3 , 3)− 2H(2, 4, 3)−H(4, 2, 3)−H(6, 3)
≡
[
+ 12−
40
3
−
35
3
− 0
]
Bp−9 = −13Bp−9,
also
p−1∑
j=1
(H
(2)
j )
3
j3
= −2H({2}2 , 3, 2)− 2H(2, 5, 2)−H(5, 2, 2)−H(7, 2)
≡
[
+
56
3
− 0 + 9− 0
]
Bp−9 =
83
3
Bp−9.
The second part of the corollary is proved in a quite similar manner.

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